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Abstract
We study a paradigmatic model in field theory where a global U(1) and scale sym-
metries are jointly and spontaneously broken. At zero density the model has a non-
compact flat direction, which at finite density needs to be slightly lifted. The result-
ing low-energy spectrum is composed by a standard gapless U(1) Nambu-Goldstone
mode and a light dilaton whose gap is determined by the chemical potential and
corrected by the couplings. Even though U(1) and scale symmetries commute, there
is a mixing between the U(1) Nambu-Goldstone and the dilaton that is crucial to
recover the expected dynamics of a conformal fluid and leads to a phonon propa-
gating at the speed of sound. The results rely solely on an accurate study of the
Ward-Takahashi identities and are checked against standard fluctuation computa-
tions. We extend our results to a boosted superfluid, and comment the relevance of
our findings to condensed matter applications.
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1 Introduction
Scale invariance plays a special role in many-body and high-energy physics. It underlies
the emergence of universality in many instances, such as critical phenomena, Landau-
Fermi liquids or cold atoms at unitarity, to name a few. Scale transformations are a
symmetry either at very low or very high energies compared to the intrinsic scales. In
most cases they represent only an approximate symmetry valid in a restricted regime,
requiring typically a certain degree of fine-tuning in the interactions, the thermodynamic
variables, the external parameters, or the support of additional symmetries. When a scale
invariant system is considered at non-zero particle number or at finite charge density, scale
symmetry is spontaneously broken; such breaking is directly relevant to characterize the
dynamics of the system mentioned above but it can also be useful to extract properties
of large charge operators of a CFT via the state-operator correspondence [1–4].
Whenever an internal symmetry is spontaneously broken in a relativistic system, one
expects to encounter gapless excitations in the form of Nambu-Goldstone (NG) modes [5–
7], one for each broken symmetry. If instead the breaking involves spacetime symmetries,
the counting of modes becomes more complicated [8–11], yet the presence of a Nambu-
Goldstone mode associated to scale invariance, commonly known as dilaton, is still a
possibility. Similarly, the counting of NG modes deviates from the standard Goldstone
theorem expectation when the system is not Lorentz invariant [10, 12–15].1
Even in relativistic systems, the presence of a non-zero charge density breaks the boosts
spontaneously, thus the NG modes may show some features similar to those emerging in
non-relativistic systems. In the case of several internal symmetries, there can be additional
gapped modes besides the gapless NG modes [17–22]. More specifically, in the presence of
a chemical potential µ for a conserved charge Q, gapped modes emerge when the effective
1For a recent review on NG counting rules we refer to [16].
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Hamiltonian2 H˜ = H − µQ does not commute with the broken generators. The gap is
fixed by group theory considerations and is proportional to the chemical potential. In
general, there can also be additional modes whose gap, although proportional to µ, is not
protected by symmetry [15, 21]. Such analysis was generalized in [20] to cases where µQ
in the effective Hamiltonian is replaced by some other deformation involving a symmetry
generator, for instance the magnetic field times the spin in a ferromagnet H˜ = H−gBzSz.
The breaking of scale invariance presents some similarities with the story above due
to the fact that the generator of dilatations D does not commute with the Hamiltonian
[D,H ] = iH .3 Accordingly, the commutator with the effective Hamiltonian is
[H˜,D] = −iH. (1.1)
For simplicity let us assume that Q is the generator of an Abelian U(1) symmetry. If this
symmetry is spontaneously broken, the ground state is not an eigenstate of Q. However,
it must be by definition an eigenstate of H˜, so time-translations generated by H are
spontaneously broken too. In fact time translations and the U(1) symmetry are broken
to a diagonal subgroup and there is just a single NG mode associated to both generators.
Equation (1.1) implies that there is a mixing between the U(1) NG and the dilaton,
then –even though Q commutes with H˜– the state produced by the corresponding charge
density J0 applied to the vacuum at some initial time is not an eigenstate of time evolution.
Borrowing an analogy from high-energy physics, the “flavor” eigenstates defined by the
symmetry generators are not aligned with the “mass” eigenstates. If the dilaton were not
dynamical, or if it were integrated out, the mixing implied by (1.1) would be manifested
in the form of an inverse Higgs constraint.
Although interesting, one might wonder whether it is sensible to discuss the physics
of a dilaton in the first place, since the energy density is in general non-zero at non-zero
charge density. In that case, a scale transformation would change the vacuum energy
density (as determined by the temporal component of the energy-momentum tensor T µν)
by an amount proportional to itself
δ
〈
T 00
〉 ∼ 〈−i[D, T 00]〉 = (d+ 1) 〈T 00〉 , (1.2)
where d+1 is the number of spacetime dimensions. Both here and henceforth, we assume
a relativistic theory, thus there cannot be a NG mode associated to the spontaneous
breaking of scale invariance unless 〈T 00〉 = 0.4 This is quite restrictive. Since a gapless
mode requires a degeneracy of ground states, the theory needs to have a moduli space of
vacua in addition to scale invariance: these are flat directions in the potential, supposing
we refer to a field theory with a Lagrangian.5
Maybe contrary to expectations, the situation at finite density is similar despite the
fact that the energy density is non-vanishing. If the ground state is homogeneous and
2We are proceeding in analogy to [19, 20, 22, 23].
3Nevertheless, it is a conserved charge because ∂tD = H , so its total time derivative in the Heisenberg
picture vanishes.
4Note also that the combination of Lorentz invariance (which fixes the expectation value of the energy-
momentum tensor to 〈T µν〉 = Ληµν) and the Ward-Takahashi identity for scale invariance, 〈T µµ〉 = 0,
fixes
〈
T 00
〉
= 0.
5A related discussion about fine-tuning the cosmological constant to zero in order to have a flat
dilatonic direction is contained in [24].
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isotropic, the expectation value of the components of the energy-momentum tensor cor-
respond to constant energy density and pressure〈
T 00
〉
= ε,
〈
T ij
〉
= p δij . (1.3)
Scale invariance implies that the expectation value of the trace of the energy-momentum
tensor will vanish
〈
T µµ
〉
= 0, which fixes the equation of state ε = dp, where d is the num-
ber of spatial dimensions. In addition, we have the usual relation between thermodynamic
potentials at zero temperature, ε + p = µρ, where ρ = 〈J0〉 is the U(1) charge density.
Combining the two, the energy density of the scale invariant theory is ε = d/(d + 1)µρ.
At finite density the relevant quantity is not the energy density, but the free energy (den-
sity) given by the effective Hamiltonian T 00 − µJ0. A scale transformation changes the
expectation of the effective energy density as follows:
δ
〈
T 00 − µJ0〉 ∼ 〈−i[D, T 00]〉− µ 〈−i[D, J0]〉 = (d+ 1)ε− dµρ = 0 . (1.4)
Then, under quite general assumptions, scale transformations do not shift the free energy
of a finite density state in a scale invariant theory and it is legitimate to discuss the physics
of a dilaton mode, at least at zero temperature.
The observation above does not imply directly the existence of a gapless (or gapped)
mode. In the absence of a general argument that would allow us to fix the properties of a
dilaton mode, we study a concrete model of spontaneous breaking of scale invariance at
non-zero density. We restrict the analysis to a relativistic theory in 3+1 dimensions, and
keep the analysis classical. Such simple model is informative because it can be interpreted
as an effective action à la Ginzburg-Landau for the order parameter.
The principal highlights of the present study are two. On one side, the characterization
of the dilaton dispersion relation and particularly its gap. This concerns mainly the effects
of the chemical potential and its role in defining the effective low-energy spectrum. On the
other side, we propose and check a method based uniquely on the study of Ward-Takahashi
identities, that in our setup just correspond to classical conservation equations.
The paper is structured as follows. Section 2 introduces the model at zero density,
where we emphasize the need for flat directions in the potential. This condition is relaxed
in Section 3, where we study the model at non-zero density. In Section 4 the analysis is
extended to allow for non-zero superfluid velocity. Each section has a subsection dedicated
to the analysis of the Ward-Takahashi identities, together with a check of the latter method
against standard Lagrangian computations for the fluctuations. We conclude the paper
in Section 5 with further comments on the results, their interpretation, their applications
and possible extensions.
2 The Model
Consider the standard Goldstone model for a global U(1) symmetry in 4 spacetime di-
mensions
S =
∫
d4x
[
∂µψ∂
µψ∗ − λ(|ψ|2 − v2)2] , (2.1)
where ψ is a scalar complex field charged under the U(1) symmetry, which acts as ψ →
eiαψ, while λ and v represent –respectively– a dimensionless and a dimensionful coupling.
4
Given the presence of a dimensionful coupling, the model (2.1) does not enjoy scale
invariance. We can nonetheless make it scale invariant if we replace v with a dynamical
real scalar field ξ acting as a compensator:
S =
∫
d4x
[
∂µψ∂
µψ∗ +
1
2
∂µξ∂
µξ − λ(|ψ|2 − ξ2)2
]
. (2.2)
The equations of motion are given by
∂2ψ + 2λ(|ψ|2 − ξ2)ψ = 0 , ∂2ξ − 4λ(|ψ|2 − ξ2)ξ = 0 , (2.3)
and the generic stationary solution is
ξ = v , |ψ|2 = v2 . (2.4)
The space of solutions (2.4) has two moduli, ξ itself and the phase of ψ. Consider the
fluctuations around (2.4), parameterized as follows
ψ = e
i ϑ√
2v
(
v e
τ√
3v +
ρ√
6
)
≃ v + τ√
3
+
ρ√
6
+ i
ϑ√
2
,
ξ = v e
τ√
3v − 2 ρ√
6
≃ v + τ√
3
− 2 ρ√
6
,
(2.5)
where τ , ρ and θ are real. The quadratic action for the fluctuations is given by
Squad =
∫
d4x
[
1
2
∂µτ∂
µτ +
1
2
∂µρ∂
µρ+
1
2
∂µϑ∂
µϑ− 6λv2ρ2
]
. (2.6)
We thus see that ρ gets a mass 12λv2 while τ and ϑ are massless. We identify the latter two
with the Goldstone bosons for broken scale invariance, the dilaton, and for broken U(1)
symmetry, the U(1) NG. The dispersion relations are trivially relativistic, since Lorentz
symmetry is preserved.
In order to study the low-energy modes about (2.4), one can alternatively rely entirely
on symmetry considerations and, specifically, on the Ward-Takahashi identities. As we
will show in the next subsection, such symmetry-aware approach permits to obtain the
equations of motion for the low-energy modes in a direct way, which is usually more
transparent than the standard Lagrangian study of the fluctuations.
2.1 Ward-Takahashi identities and low-energy modes
Model (2.2) features a conserved U(1) current given by
Jµ = i(∂µψ
∗ψ − ψ∗∂µψ) , ∂µJµ = 0 , (2.7)
while the improved energy-momentum tensor is
Tµν = 2∂(µψ
∗∂ν)ψ + ∂µξ∂νξ − ηµνL+ 1
3
(ηµν∂
2 − ∂µ∂ν)
(
1
2
ξ2 + |ψ|2
)
. (2.8)
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This expression satisfies on-shell the following Ward-Takahashi identities 6
T[µν] = 0 , ∂
µTµν = 0 , T
µ
µ = 0 . (2.9)
We expand around the vacuum (2.4) by considering the fluctuation parametrization (2.5).
Up to linear order in the fields, the U(1) current is given by
Jµ ≃
√
2v∂µϑ , (2.10)
so that its conservation equation gives the equation of motion for the U(1) NG mode
0 = ∂µJµ ≃
√
2v∂2ϑ . (2.11)
The energy-momentum tensor expanded to linear order is
Tµν ≃ v√
3
(ηµν∂
2 − ∂µ∂ν)τ , (2.12)
and the trace Ward-Takahashi identity yields the equation of motion for the dilaton
0 = T µµ ≃
√
3v∂2τ . (2.13)
From (2.11) and (2.13) we can observe that we recover the two massless modes of (2.6).
The Ward-Takahashi computation, however, descends directly from symmetry arguments,
being therefore more convenient (and easier) to apply, especially when dealing with models
more complicated than (2.2). In particular, this approach allows to identify immediately
and without ambiguities the nature of each Goldstone boson, simply by associating every
(gapless) mode to the Ward-Takahashi identity that yields its equation of motion.
It is important to stress that the model (2.2) is fine-tuned. Indeed, (classical) scale
invariance dictates that the potential should contain only quartic terms in the scalars,
but the fact that the potential is a perfect square constitutes a fine-tuning, specifically
considered to the purpose of having a flat direction. The latter is of course a necessary
condition for the presence of a low-energy dilaton mode.
The simple argument is as follows. In such a relativistic set-up, scale invariance implies
the absence of any reference scale in the (effective) Lagrangian. If scale invariance is to
be broken spontaneously by a vacuum expectation value (VEV), then the latter must
be arbitrary. Hence this VEV parameterizes a non-compact flat direction. Moreover
the absence of any reference scale means that the flat direction must also correspond to
a vanishing vacuum energy. The particle which corresponds to moving along this flat
direction is the dilaton. We conclude that any effective theory that aims at describing
spontaneous scale symmetry breaking (among others), must allow for a non-compact flat
direction in its potential.
For instance, if we added a generic term preserving scale invariance but breaking the
exchange symmetry between |ψ| and ξ, namely (without loss of generality)
V = λ(|ψ|2 − ξ2)2 + λ′(|ψ|2)2 , (2.14)
the equations extremizing the potential would become
λψ(|ψ|2 − ξ2) = −λ′|ψ|2ψ , (2.15)
λξ(|ψ|2 − ξ2) = 0 . (2.16)
Considering λ′ > 0 for V to be bounded from below, the only solution is ξ = 0 = ψ, i.e.
the flat direction is completely lifted, even though scale invariance is respected.
6The trace Ward-Takahashi identity requires the improvement introduced in (2.8).
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3 Spontaneous symmetry breaking at finite density
In this section we depart from the Lorentz-invariant set-up discussed above, by introducing
a non-zero chemical potential µ for the charge associated to the global U(1) symmetry.
As we will see, we will still be able to identify the dilaton and the U(1) NG, though their
dispersion relations will be modified in an interesting way.
We start with a scale-invariant theory defined by the action
S =
∫
d4x
[
∂µψ
∗∂µψ +
1
2
∂µξ∂
µξ − λ(|ψ|2 − ξ2)2 − λ′(|ψ|2)2
]
, (3.1)
whose potential corresponds to the extension already introduced in (2.14). We are going
to switch on a chemical potential µ for the U(1) symmetry. As discussed before, at finite
chemical potential, the ground state is no longer determined by the Hamiltonian H but
by the effective Hamiltonian H˜ = H − µQ, where Q is the U(1) charge operator. As
we will discuss, this modifies the effective potential of the theory and allows the fields to
acquire a non-zero value. Notably, one can recover the zero chemical potential symmetry
breaking case described by (2.2) by means of an appropriate limit for both µ and λ′. The
main result of the present section is to show that the dilatonic mode acquires a gap, which
depends on µ and λ′.
A nonzero chemical potential can be implemented by extracting a time-dependent
phase from the complex field
ψ = eiµtφ , ψ∗ = e−iµtφ∗ . (3.2)
The equations of motion then read
∂2φ+ 2iµ ∂0φ− µ2φ+ ∂φ∗V (|φ|, ξ) = 0 , ∂2ξ + ∂ξV (|φ|, ξ) = 0 , (3.3)
where V (|φ|, ξ) ≡ V (|ψ|, ξ) is given by (2.14). Note that these equations can equivalently
be obtained introducing (3.2) in (3.1), identifying a new effective potential Vφ(|φ|, ξ) =
V (|φ|, ξ)− µ2|φ|2 and taking the variation with respect to φ∗, ξ. Although Vφ is not the
true potential (indeed, the energy density is E ∼ V (|φ|, ξ) + µ2|φ|2), the extrema of Vφ
correspond to solutions of the equations of motion of the original action (3.1). We will
show in the following that Vφ determines the ground state for the effective Hamiltonian
H˜.
3.1 Effective Hamiltonian and ground state
In order to determine the effective Hamiltonian and the associated ground state we need to
find expressions for the U(1) charge Q and Hamiltonian. We will use the usual definitions
in terms of the temporal components of the energy-momentum tensor Tµν and U(1) current
Jµ
H =
∫
d3xT00 , Q =
∫
d3x J0 . (3.4)
Then, the effective Hamiltonian at finite chemical potential is determined by the temporal
component of an effective energy-momentum tensor tµν
H˜ =
∫
d3x (T00 − µJ0) ≡
∫
d3x t00. (3.5)
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The U(1) current can be written as follows
J0 = 2µ|φ|2 + j0 , Ji = ji , (3.6)
where
jµ = i(∂µφ
∗φ− φ∗∂µφ) . (3.7)
Similarly, for the energy-momentum tensor7
T00 = µJ0 + t00, (3.8)
T0i = Ti0 = µJi + t0i = µji + t0i, (3.9)
Tij = tij + δij
(
µJ0 − 2µ2|φ|2
)
= tij + δijµj0, (3.10)
where
tµν = 2∂(µφ
∗∂ν)φ+ ∂µξ∂νξ − ηµνLφ + 1
3
(ηµν∂
2 − ∂µ∂ν)
(
1
2
ξ2 + |φ|2
)
, (3.11)
and
Lφ = ∂µφ∗∂µφ+ 1
2
∂µξ∂
µξ − λ(|φ|2 − ξ2)2 − λ′(|φ|2)2 + µ2|φ|2. (3.12)
Notice that from (3.9) we have that T0i = Ti0 implying that the Ward-Takahashi identities
for boost transformations are satisfied, so that the full Lorentz symmetry is still preserved
in the presence of a non-vanishing chemical potential.
The effective potential for Lφ is the one we had identified previously in the equations
of motion (3.3)
Vφ = λ(|φ|2 − ξ2)2 + λ′(|φ|2)2 − µ2|φ|2, (3.13)
Since t00 determines the effective Hamiltonian (3.5), we see that the ground state will
correspond to the minimum of the effective potential. The effective potential has three
extrema8
ξ = φ = 0 ; ξ = 0, |φ|2 = v2 = µ
2
2(λ+ λ′)
; ξ2 = |φ|2 = v2 = µ
2
2λ′
. (3.14)
Out of the three extrema (3.14), the first two are saddle points and only the last is a
minimum, which is the true ground state of the system. Note that for the true minimum
to exist, and for Vφ to be bounded from below, we need to have λ
′ > 0. In other words,
we need to lift the flat direction that we had at µ = 0 in order to have a minimum, and
symmetry breaking, when µ 6= 0.
We now proceed to investigate the low-energy spectrum around this (degenerate) min-
imum.
7The notations are such that the capital letters (T00 etc.) refer to the dynamics of (ψ, ξ) (and by
extension, of φ) dictated by (3.1). The low case letters refer instead to the dynamics given by (3.12)
which is not the Lagrangian for (φ, ξ) but it shares the same potential.
8Note that these uniform and static solutions are extrema of the effective potential (3.13), but not of
the energy (3.8).
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3.2 Nambu-Goldstone dynamics from Ward-Takahashi identities
We perturb the fields around the ground state ξ2 = |φ|2 = v2 = µ2
2λ′ . We use the same
parameterization as in (2.5), though adapted to the field φ
φ = e
i ϑ√
2v
(
ve
τ√
3v +
1√
6
ρ
)
, ξ = ve
τ√
3v − 2√
6
ρ . (3.15)
As before, the kinetic terms are diagonal and canonically normalized for ϑ, τ and ρ. We
still identify ϑ as the fluctuation of the phase of the condensate and τ as a fluctuation
of its magnitude, while ρ corresponds to an orthogonal direction of increasing potential
energy. For µ = 0, ϑ and τ are naturally associated to the U(1) NG and dilaton, while ρ
enters as a Higgs fluctuation. This simple picture is a bit complicated when µ 6= 0, as the
would-be Goldstones undergo some mixing and also a non-vanishing gap for one linear
combination. We will study this effect in some approximation here and in more detail in
the next section.
When the perturbation (3.15) is introduced in the effective potential (3.13) and ex-
panded to quadratic order, one finds no term for ϑ and the following mass matrix for
(τ, ρ)
M =
4v2
3
(
2λ′
√
2λ′√
2λ′ λ′ + 9λ
)
. (3.16)
In principle both perturbations are massive and mixed, but in the limit λ′ ≪ λ in which
there is an almost flat direction in the original potential (2.14), the mixing becomes very
small and there is a large hierarchy between the mass of τ , m2τ ∼ λ′v2 ∼ µ2, and the mass
of ρ, m2ρ ∼ λv2. In the following we will assume that we are in this situation, in which
case the Higgs fluctuation ρ can be set to zero in the low energy description to a good
approximation.
The dynamical equations for the remaining fluctuations can be derived from the Ward-
Takahashi identities. When evaluated on-shell the U(1) current should be conserved and
the trace of the energy momentum tensor should vanish
∂µJ
µ = 0 , T µµ = 0. (3.17)
This gives two equations, which is sufficient to determine the dynamics of ϑ and τ . The
trace of the energy-momentum tensor, to linear order in the fluctuations, is
T µµ ≃
√
3v
(
∂2τ +
4
3
µ2τ − 2
√
2
3
µ∂0ϑ
)
, (3.18)
whereas the divergence of the current is
∂µJµ ≃
√
2v
(
∂2ϑ+ 2
√
2
3
µ∂0τ
)
. (3.19)
This translates into the set of coupled equations
∂2τ +
4
3
µ2τ − 2
√
2
3
µ∂0ϑ ≃ 0 ,
∂2ϑ+ 2
√
2
3
µ∂0τ ≃ 0 .
(3.20)
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As suggested by the general analysis in the introduction, the chemical potential introduces
a mixing between the U(1) NG and the dilaton. The equations can be diagonalized using
expansions in Fourier modes
τ(x0,x) =
∫
dωd3q
(2π)4
e−iωx
0+iq·x τ˜(ω,q) , ϑ(x0,x) =
∫
dωd3q
(2π)4
e−iωx
0+iq·x ϑ˜(ω,q) . (3.21)
Expanding at low momentum q2/µ2 ≪ 1, the equations have solutions when the modes
satisfy the dispersion relations
ω2 ≃ q
2
3
, ω2 ≃ 4µ2 + 5
3
q2. (3.22)
Therefore, there is a gapless mode π and a gapped mode σ, which at low momentum
correspond respectively to the combinations
π˜ ≃ ϑ˜− i sign(ω/q) q√
2µ
τ˜ , σ˜ ≃ τ˜ − i
√
2
3
sign(ω/µ)
(
1 +
q2
24µ2
)
ϑ˜. (3.23)
A few comments are in order. In the first place, the dispersion relation of π in (3.22) is
such that it moves at the speed of sound as fixed by conformal invariance c2s = 1/3, i.e. it
can be identified as a conformal superfluid phonon, while σ is the gapped dilaton. This
identification is consistent with an effective field theory approach, see e.g. [4]. Note that
the mixing is necessary for this to happen, otherwise the phonon would move at the speed
of light due to relativistic invariance of the rest of the terms. The second observation
is that the gap of σ is fixed by the chemical potential mσ = 2µ, and independent of
the couplings λ and λ′ in this approximation. This is very reminiscent of the massive
Goldstone bosons appearing when internal symmetries are spontaneously broken in the
presence of a chemical potential. A last observation is that because of the mixing, it is
no longer true that each Ward-Takahashi identity is tied to one specific mode. Indeed
reexpressing τ and ϑ in terms of π and σ, one can easily see that both fields appear in
both equations (3.20).
3.3 Exact dispersion relations
The results obtained from the Ward-Takahashi identities are easy to interpret physically
but we had to introduce several approximations to derive them, in particular we used the
hierarchy between the masses of the Higgs fluctuation and the dilaton to freeze out the
first. In order to go beyond this approximation we need to include the Higgs mode in the
analysis, whose dynamics is not captured by the Ward-Takahashi identities. This can be
more simply done using the effective Lagrangian.
Consider again the vacuum ξ2 = |φ|2 = v2 = µ2
2λ′ and the fluctuations (3.15) around it.
The quadratic Lagrangian for the fluctuations is
Lquad = 1
2
∂µρ∂
µρ+
1
2
∂µϑ∂
µϑ+
1
2
∂µτ∂
µτ
+ 2
√
2
3
µ τ∂tθ +
2√
3
µ ρ∂tθ − 2
3
√
2µ2τρ− 2
3
µ2τ 2 − µ29λ+ λ
′
3λ′
ρ2 .
(3.24)
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By going to Fourier space we get
Lquad = 1
2
yT (−ω,−q) ·M(ω, q) · y(ω, q) , y = (ϑ, ρ, τ) , (3.25)
where
M =
 ω
2 − q2 i 2√
3
µω i2
√
2√
3
µω
−i 2√
3
µω ω2 − q2 − 2(9λ+λ′)
3λ′ µ
2 −2
√
2
3
µ2
−i2
√
2√
3
µω −2
√
2
3
µ2 ω2 − q2 − 4
3
µ2
 . (3.26)
Studying the zeros of the determinant of M , one finds one massless mode, the U(1) NG
boson, and two gapped modes:
ω21|q=0 = 0 ,
ω22,3|q=0 =
3µ2
λ′
(
λ+ λ′ ±
√
λ2 − 2
3
λλ′ + λ′2
)
.
(3.27)
Expanding for low momentum q and for λ′ ≪ λ, we get
ω21 ≃
1
3
q2 , (3.28)
ω22 ≃ 6µ2
λ
λ′
(
1 +
λ′
3λ
)
+
(
1 +
2λ′
9λ
)
q2 , (3.29)
ω23 ≃ 4µ2
(
1− λ
′
3λ
)
+
(
5
3
− 2λ
′
9λ
)
q2 . (3.30)
Comparing with the dispersion relations in (3.22), we observe that the speed of the phonon
is not modified by corrections depending on λ′, while the mass of the gapped dilaton is
corrected, though mildly. Indeed, contrary to massive NG bosons associated to internal
symmetries, the mass of the gapped dilaton is not protected by the symmetry.
For λ′ ≪ λ, ω21 and ω23 reduce to the dispersion relations obtained in (3.22) from the
study of the Ward-Takahashi identities, and we have a hierarchy between the two massive
modes. Furthermore, in the limit
µ→ 0 , λ′ → 0 with µ
2
2λ′
→ v2 , (3.31)
we recover the masses (2.6) of the relativistic model (2.2)
ω21|q=0 = 0 ,
ω22|q=0 = 12v2λ ,
ω23|q=0 = 0 ,
(3.32)
and ω3 describes the massless dilaton. This suggests a connection between the corrections
to the mass of the gapped dilaton at finite chemical potential and the lack of a flat
direction in the potential at zero chemical potential. The masses of gapped NGs might
be protected only if there are flat directions associated to them, of course this will always
be the case for internal symmetries.
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4 Boosted superfluid
Since the chemical potential breaks Lorentz invariance by choosing a preferred rest frame
for the ground state, it is interesting to study the effect on the NG modes when the
superfluid is set on motion relative to the frame determined by the chemical potential,
that one can identify as the “laboratory” frame. We consider again (2.2) and introduce
both a chemical potential and a superfluid velocity
ψ = eiµ0uµx
µ
φ , ψ∗ = e−iµ0uµx
µ
φ∗. (4.1)
Where uµ = γ(1,−~β), γ = 1/
√
1− |β|2 is a time-like four-velocity uµuµ = +1. The
chemical potential is µ = γµ0, and the time direction in the laboratory frame is x
0. The
background plane wave (4.1) is the same as (3.2) seen by a boosted observer, compared
to the laboratory frame. Since (2.2) is Lorentz invariant, the dispersion relations for the
gapless low-energy modes can be obtained by boosting those obtained from (3.1) (i.e.
the case with just a chemical potential). For the sake of providing an explicit check, we
repeat the exercise of computing them directly through the Ward-Takahashi identities
and through the perturbative Lagrangian approach.
4.1 Effective Hamiltonian and ground state
We proceed in a similar fashion to the case of zero velocity. The Hamiltonian and the
charge are still determined by the energy-momentum tensor and the current as in (3.4),
and the effective Hamiltonian at nonzero chemical potential by (3.5). Because of the boost,
the expressions for the current and the energy-momentum tensor are slightly modified.
Jµ = 2µ0|φ|2uµ + jµ ,
Tµν = 2µ
2
0uµuν |φ|2 + µ0(uµjν + uνjµ)− ηµνµ0uαjα + tµν(µ0) .
(4.2)
Where jµ and tµν take the same form as before (3.7) and (3.11), replacing µ by µ0.
Recalling that the chemical potential is µ = µ0u0 = µ0γ, the effective Hamiltonian is
H − µQ =
∫
d3x (T00 − µJ0) =
∫
d3x (t00(µ0)− µ~β ·~j). (4.3)
Since ji vanishes for constant φ, the extrema of the effective potential are the same as
before (3.14) replacing µ by the effective chemical potential in the rest frame of the fluid
µ0. The ground state is thus ξ
2 = |φ|2 = v20 = µ
2
0
2λ′ .
4.2 Nambu-Goldstone dynamics from Ward-Takahashi identities
We can use the same parametrization for perturbations of the ground state as in (3.15),
replacing v by v0. The same considerations about the mass hierarchy of τ and ρ apply, so
in this analysis we will assume λ′ ≪ λ and freeze ρ. The dynamics of the low energy modes
are determined by the conservation equations for the current and the energy-momentum
tensor. For the boosted superfluid they take the form
∂µJµ = 2µ
(
∂0 + ~β · ~∇
)
|φ|2 + ∂µjµ,
T µµ = 2µ
2
0|φ|2 − 2µ0uµjµ + tµµ(µ0) = 2µ20|φ|2 − 2µ(j0 + ~β ·~j) + tµµ(µ0).
(4.4)
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Therefore, we should just replace the terms with a single time derivative by the material
derivative µ∂0 → µD0 = µ(∂0 + ~β · ~∇) and otherwise change µ by the effective µ0:
∂µJµ ≃
√
2v0
(
∂2ϑ+ 2
√
2
3
µD0τ
)
,
T µµ ≃
√
3v0
(
∂2τ +
4
3
µ20τ − 2
√
2
3
µD0ϑ
)
.
(4.5)
From this, we obtain the equations
∂2τ +
4
3
µ20τ − 2
√
2
3
µD0ϑ ≃ 0 ,
∂2ϑ+ 2
√
2
3
µD0τ ≃ 0 .
(4.6)
The dispersion relation for the gapless mode can be more easily found by noting that
µ = γµ0 and using comoving coordinates. Taking ~β parallel to the x
3 direction, we
introduce
x0 = γ(x0β + βx
3
β) , x
3 = γ(x3β + βx
0
β) , x
1 = x1β , x
2 = x2β . (4.7)
Then
∂
∂x0β
= γ(∂0 + β∂3) ,
∂
∂x3β
= γ(∂3 + β∂0) , ∂
2 = ∂2β . (4.8)
The equations become
∂2βτ +
4
3
µ20τ − 2
√
2
3
µ0∂x0
β
ϑ ≃ 0,
∂2βϑ+ 2
√
2
3
µ0∂x0
β
τ ≃ 0.
(4.9)
These are the same as before (3.20), replacing µ by µ0. We introduce an expansion of the
modes in the rest frame in plane waves
τ(x0β ,xβ) =
∫
dωβd
3qβ
(2π)4
e−iωβx
0
β
+iqβ ·xβ τ˜ (ωβ,qβ),
ϑ(x0β ,xβ) =
∫
dωβd
3qβ
(2π)4
e−iωβx
0
β
+iqβ ·xβ ϑ˜(ωβ,qβ).
(4.10)
We recover the expected low momentum dispersion relations in the rest frame
ω2β ≃ c2sq2β , ω2β ≃ 4µ20 +
5
3
q2β , (4.11)
where c2s = 1/3 is the speed of sound of the scale invariant theory. These expressions can
be translated to frequency and momentum in the laboratory frame using that
ω = γ(ωβ + βqβ 3) , q3 = γ(qβ 3 + βωβ) , q1 = qβ 1 , q2 = qβ 1. (4.12)
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Note that the dispersion relations (4.11) are valid for low momentum in the rest frame of
the fluid |qβ | ≪ |µ0|. For the gapless modes they can be matched with a low momentum
expansion in the laboratory frame |q| ≪ |µ|, however for the gapped modes this is not
possible, as for generic β, q3 ∼ ωβ ∼ µ. Therefore, finding the dispersion relations of the
gapped modes at low momentum in the laboratory frame requires solving (4.6) directly.
We classify the dispersion relations of the gapless modes taking as reference the direc-
tion of the superfluid velocity in the laboratory frame. The dispersion relations for the
longitudinal modes is
ω‖ = ± cs ± β
1 ± βcs q3 , q1 = q2 = 0 , (4.13)
while the dispersion relation for the transverse modes is
ω2⊥ = c
2
s
q21 + q
2
2
γ2(1− β2c2s)
, q3 = 0 . (4.14)
These expressions agree with the ones obtained by relativistic addition of velocities. Note
that for |β| > cs both (positive frequency) longitudinal modes (4.13) propagate in the
same direction as the superfluid velocity. This is the reason why we expressed linearly
the dispersion relations.
For the gapped modes the low momentum dispersion relations are
ω‖ = 2
√
1− β2c2sµ−
2
3
βq3
1− β2c2s
+
5 + β2c2s
12γ2(1− β2c2s)5/2
q23
µ
, q1 = q2 = 0,
ω2⊥ = 4(1− β2c2s)2µ2 +
5− β2
3(1− β2c2s)
(q21 + q
2
2) , q3 = 0 ,
(4.15)
where again the longitudinal dispersion relation is expressed linearly. The gap is reduced
by the superfluid velocity, but in this approximation remains finite even in the limit
β → 1, where the condensate vanishes (i.e. at fixed µ). Note also that at leading order
for momenta in the same direction of the flow, the frequency is reduced.
4.3 Exact dispersion relations
We now study the effects of including the Higgs fluctuation ρ, and the corrections for finite
λ′/λ. We thus resort to expanding the full Lagrangian. According to (4.1), we switch on
a chemical potential µ = µ0γ and a background wave vector k3 = µ0γβ. The effective
potential is now:
V = λ(|φ|2 − ξ2)2 + λ′|φ|4 − (µ2 − k23)|φ|2 , (4.16)
For stationary solutions, the situation is not very different from the case with just µ, in
fact one just needs to replace µ2 by (µ2 − k23) = µ20 in (3.13). Therefore, we consider the
solution
ξ2 = |φ|2 , |φ|2 = µ
2
0
2λ′
. (4.17)
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The fluctuation around (4.17) are still given by (3.15) where however v = v0 =
µ0√
2λ′
.
Writing k3 = βµ, the quadratic Lagrangian for the fluctuations is
Lquad = 1
2
∂µρ∂
µρ+
1
2
∂µϑ∂
µϑ+
1
2
∂µτ∂
µτ
+ 2
√
2
3
µ τ(∂t + β∂3)θ +
2√
3
µ ρ(∂t + β∂3)θ
− 2
3
√
2µ20ρ τ −
2
3
µ20τ
2 − µ20
9λ+ λ′
3λ′
ρ2 .
(4.18)
In analogy to (3.25) and (3.26), by going to Fourier space we get the kinetic matrix: ω
2 − q2 i 2√
3
µ (ω − βq3) i2
√
2√
3
µ (ω − βq3)
−i 2√
3
µ (ω − βq3) ω2 − q2 − 2(9λ+λ
′)
3λ′ µ
2
0 −2
√
2
3
µ20
−i2
√
2√
3
µ (ω − βq3) −2
√
2
3
µ20 ω
2 − q2 − 4
3
µ20
 . (4.19)
From the determinant of (4.19), one can find the exact dispersion relations. First of all,
setting the momenta q = 0 one finds that there is a massless mode corresponding to the
U(1) NG boson and two gapped modes:
ω21|q=0 = 0 ,
ω22,3|q=0 =
3
λ′
[
λµ20 + λ
′µ2(1− c2sβ2)±
√
λ2µ40 −
2
3
λµ20λ
′µ2(1− c2sβ2) + λ′2µ4(1− c2sβ2)2
]
,
(4.20)
where cs = 1/3 as before.
Now, expanding at low frequencies and momenta, one can extract analytically the
dispersion relation for the U(1) NG mode:
ω1 =
cs
1− c2sβ2
(
2csβq3 ±
√
(1− β2)2q23 + (1− β2)(1− c2sβ2)(q21 + q22)
)
. (4.21)
Notice that the above expression is independent of the ratio λ′/λ. Indeed one can check
that in the longitudinal and transverse case, it reproduces correctly the expressions (4.13)
and (4.14), respectively.
For the massive modes, one has to expand the frequencies around the respective gaps.
To first order in momenta and in λ′/λ, the dispersion relations for the gapped dilaton are:
ω
(gapped)
‖ = 2µ
√
1− c2sβ2
[
1− λ
′
6λ
1− c2sβ2
1− β2
]
− 2β
3(1− c2sβ2)
[
1− λ
′
3λ
1− c2sβ2
1− β2
]
q3 + . . .
ω
(gapped)
⊥ = 2µ
√
1− c2sβ2
[
1− λ
′
6λ
1− c2sβ2
1− β2
]
+
1
12
√
1− c2sβ2
[
5− β2
1− c2sβ2
+
λ′
6λ
]
q21 + q
2
2
µ
+ . . .
(4.22)
For λ′/λ = 0 they agree with the dispersion relations obtained from the Ward-Takahashi
identities (4.15). Again, we observe that the gap receives corrections in λ′/λ, so it is not
protected by the symmetry.
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Finally, we present the dispersion relations of the Higgs mode, to the same order:
ω
(heavy)
‖ =
√
6λ
λ′
√
1− β2 µ
[
1 +
λ′
6λ
1− c2sβ2
1− β2
]
− 2λ
′
9λ
β
1− β2 q3 + . . .
ω
(heavy)
⊥ =
√
6λ
λ′
√
1− β2 µ
[
1 +
λ′
6λ
1− c2sβ2
1− β2
]
+
1
2
√
1− β2
√
λ′
6λ
q21 + q
2
2
µ
+ . . .
(4.23)
Note that the β → 1 limit at fixed µ seems to be ill-defined. However this is an artifact
of the expansion. For instance, inspecting (4.20) and noticing that in this limit µ0 → 0,
we find that the gap of the dilaton actually goes to zero, while the gap of the Higgs mode
stays finite, but scales with µ, which might be slightly non-intuitive (recall that in this
limit there is no condensate).
5 Summary and discussion
The two main highlights of the present paper are:
1. The analysis of the low-energy mode associated to spontaneously broken scale sym-
metry and the characterization of how its zero-temperature gap depends on the
finite density.
2. The description of a generic method based on Ward-Takahashi identities alone to
study the low-energy modes of an effective field theory.
The analysis pursued in the present paper indicates that the spontaneous breaking of
the scale symmetry at zero temperature gives rise to a light dilatonic mode whose gap is
directly proportional to the chemical potential. This generic expectation can be relevant
for the low-energy content of zero-temperature systems where the chemical potential, too,
is small with respect to the UV cut-off of the effective description (related to some other
physical scale such as an external magnetic field [25]).
Ward-Takahashi identities in quantum field theory are known to be a key tool for
the study of symmetries, either when these are preserved or broken, and even when the
breaking is explicit [26, 27]. The present paper stresses that Ward-Takahashi identities
alone provide a sufficient framework to study the dispersion relations of the low-energy
modes of an effective field theory, providing an alternative –generally simpler– approach
than the direct fluctuation analysis at the level of the Lagrangian. The method is generic,
but we applied it to the specific study of scale symmetry breaking to the purpose of elu-
cidating the characteristics of the resulting low-energy dynamics. It would be interesting
to look for a gapped dilaton in a strongly coupled theory, by means of the holographic
duality. This might be achieved by combining holographic models with a gapless dilaton
in Poincaré invariant vacua [28, 29] (see also [30]) and models with type II and gapped
NG modes [31, 32].
We first examined a relativistic field-theory model (2.2) in four spacetime dimensions
where scale symmetry and a global U(1) symmetry are concomitantly and spontaneously
broken. The scale-invariant potential must have two flat directions which translate into
two gapless NG modes, the dilaton and the U(1) NG both relativistic and both propa-
gating at the speed of light, (2.11) and (2.13).
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In order to realize the same symmetry-breaking pattern at finite density, the model
must be stabilized by means of an extra scale-invariant term (3.1) which lifts the dilatonic
flat direction without affecting the spontaneous nature of the breaking. The resulting low-
energy modes are nonetheless altered: the U(1) NG remains gapless but propagates at
the conformal speed of sound, like a superfluid phonon; the dilaton acquires a gap of
the order of the chemical potential µ whose value is however not protected by symmetry
(3.22). The dilaton is light compared to other gapped modes only when the coefficient
of the term that lifts the flat direction (3.1) is tuned to be very small, in that case we
observe that the dilaton gap becomes independent of the couplings.
Our results at nonzero density belong to the line of research on gapped NG modes
[15,19–21,33]. In this context, a natural future perspective is to embed the present analysis
into a systematic Maurer-Cartan effective framework, thus assessing its universality and
possible generalizations.
One interesting field of applications is provided by condensed matter. The presence of
a wide critical region in the phase diagram is a characteristic shared by many –generally
strongly correlated– systems, among which the cuprates. The critical phase is associated
to interesting phenomena like bad and strange metallicity and non-Fermi liquid behavior
[34]. It is also often conjectured to lie at the basis of the mechanism for high-temperature
superconductivity, see for instance [35].
The defining property of such critical region is the validity of simple scaling rules
whose origin, however, can involve complicated and often elusive dynamics related to the
presence of a quantum critical point [36–38] or, more generally, to the presence of a scaling
sector [35, 39]. This is sometimes referred to as generic scale invariance [40] and can be
assumed among the defining symmetries of an effective description.
Another paradigmatic example is provided by cold atoms at unitarity, where there is
an emergent non-relativistic conformal symmetry [41], known as Schroedinger symmetry.
Gapped NG modes are known to appear when the Hamiltonian is deformed by some of
the symmetry generators of the Schroedinger algebra [42]. An extension of our analysis,
along the lines of [23], to systems with Galilean rather than Lorentz invariance would be
quite interesting.
As another remark, still related to condensed matter but in the context of standard
metals, it is relevant to mention that the low-energy modes of our analysis would not
destabilize a Landau-Fermi liquid coexisting with them. This can be appreciated by means
of an extension of the results of [43] to dilatations, a symmetry which does not commute
with either spatial or temporal translations: one can show that the linear interaction term
between the fermionic quasiparticles and, respectively, the U(1) NG and the dilaton are
both vanishing.
The model adopted here allows for generalizations in which the U(1) symmetry is
coupled to translations and the symmetry-breaking preserves only a linear combination
of the two [44]. This would realize a spatial version of the pattern described above when
µ 6= 0 and only a diagonal component of the product of internal U(1) and time translations
was preserved. Such breakings are referred to as homogeneous because they do not yield
any spacetime modulation of the energy density,9 they however provide acoustic phonon
modes. It is an interesting open question to study whether and how these phonons would
coexist with a dilatonic mode [46]. The relevance of the question is three-fold: it relates to
9An example of inhomogeneous breaking of spatial translations in field theory was studied in [45].
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the counting problem of NG modes for spacetime symmetries [9,16]; it concerns condensed
matter systems where a critical scaling and the breaking of translations are intertwined;10
it provides insight regarding holographic models where scaling and translation symmetries
are broken together [48–51].11
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